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Abstract
This paper showed that Poisson brackets in quaternion variables
can be obtained directly from canonical Poisson brackets on cotan-
gent bundle of SE(3) (or SO(3)) endowed by canonical symplectic
geometry.
Quaternion parameters in our case are just dynamic variables in
canonical Hamiltonian mechanics of a rigid body on T ∗SE(3)
The obtained results based on quaternions representation as ex-
plicit functions of rotation matrix elements of SO(3) group.
The relation of obtained Poisson structure to the canonical Poisson
and symplectic structures on T ∗S3 were investigated.
To derive the motion equations of Hamiltonian dynamics in quater-
nionic variables it is proposed to use the mixed frame of reference
where translational degrees of freedom describes in the inertial frame
of reference and degree of rotational freedom in the body frame.
It turns out that motion equations for system with Hamiltonian
of the rather general form can be written in algebraic operations on
quaternions.
Keywords: quaternion, symplectic structure, Poisson structure,
Lie-Poisson brackets, Liouville one-form, SE(3), SO(3).
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1 Introduction
This article is describing main results of Hamiltonian dynamics of a rigid
body in quaternion variables.
There are many of publications that are devoted to application of quater-
nions in mechanics of a rigid body. The most of them refer to kinematics of
a rigid body, i.e. description of rigid body orientation in quaternion param-
eters [1].
Hereinafter we specify those rare articles that were devoted to description
of dynamics with using quaternions. Kozlov’s work [2] gives rigid body dy-
namics in Lagrangian representation based on classic approach developed by
Poincare. Borisov and Mamaev [3, 4, 5] proceeding from the deep relations
between quaternion algebra and groups SO(3), SO(4) have proposed Poisson
brackets between parameters of quaternion and components of intrinsic an-
gular momentum of a rigid body and considering them as some generators of
a Lie-Poisson structure. Therewith condition of normalization of quaternion
per unit that is required for a rigid body description emerges as the special
value of the Casimir function in that Lie-Poisson structure.
Expression of matrix element of the group in quaternion parameters is well
known [1, 6, 4, 5] that is also clearly demonstrates structure of orthogonal
matrices. Per se inverse problem of expressing quaternion parameters in
terms of elements of the corresponding rotation matrix is not so difficult.
But in literature we have found (post factum) only one article devoted to
solution of that task [7]. Main goal of this short but contensive article is
the comparative analysis of necessary number of operations for computation
through matrix or quaternion.
In terms of quantity was proven that quaternions computation is more
effective. Using of quaternion also has advantage of stability for numerical
integration of motion equations (see [4, p.104]).
From general relations given in work [8] one can deduce following expres-
sions for Poisson brackets between elements of rotation matrix and compo-
nents of intrinsic angular momentum in inertial frame of reference.
Here and further for determinacy will consider SE(3) that describes not
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only rotational but also translational degrees of freedom of a rigid body.
(1)

{xi, xj} = 0; {pi, pj} = 0; {mi, Qjk} = εijlQlk;
{xi, pj} = δij; {pi, Qjk} = 0; {mi, mj} = εijlml,
{xi, Qjk} = 0; {pi, mj} = 0;
{xi, mj} = 0; {Qij , Qkl} = 0;
where xi – coordinates of the body center of mass, pi – momentum compo-
nents of translational motion, Qjk – elements of rotation matrix that describe
the body orientation with respect to inertial frame of reference, mj – compo-
nents of intrinsic angular moment of the body with respect to inertial frame
of reference.
In fact expression (1) will also be proved during the explanation by the
different ways.
From the explicit expression of quaternion parameters as functions of
elements of rotation matrix from (1) one can deduce required Poisson brackets
between components of quaternion and angular momentum components of
the body. Obtaining of these relations is main goal of the paper.
It turns out that expressions obtained in this way have the same form
that previously discussed Lie-Poisson brackets between generators of Poisson
structure mentioned above (see [4, (2.7), p. 103]).
But obtained relations have other core idea. Quaternion parameters in
our case are not generators of Poisson structure, but dynamic variables in
canonical Hamiltonian mechanics on T ∗SE(3) (it is not Lie-Poisson struc-
ture). In our case structural tensor of Poisson brackets of Lie algebra is
not nondegenerate, and, so, Casimir functions are absent and normalization
condition for quaternion just reflect relations between quaternion dynamic
variables on group. To illustrate that fact let us consider example. Let ϕ is
one of Euler angel. Then dynamic variable cos2(ϕ) + sin2(ϕ) is identically
equal to one, but it is not the Casimir function.
After obtaining Poisson structure for quaternion variables as dynamic
variables for a rigid body (on T ∗SO(3)) we investigate its relation with
canonical Poisson and symplectic structures on T ∗S3 (the relation is local
isomorphism).
To derive equations of motion in Hamiltonian dynamics in quaternion
variables is proposed to use a mixed frame of reference where translational
degrees of freedom describe in inertial frame of reference, and the rotational
in the body frame (a reference frame associated with a body). It turns
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out that motion equations can be written through algebraic operations in
quaternions.
Symplectic and Poisson structures on T ∗S3 can be set completely inde-
pendently from algebraic structure of quaternion variables, but one can see
that Poisson brackets for these dynamic variables is completely determine
laws of multiplication in quaternion algebra.
Hamiltonian dynamics of a rigid body in quaternion variables is an in-
teresting point of intersection of two pioneer directions in mathematics that
were offered by Hamilton: powerful stream of Hamiltonian formalism that
covering almost all areas of mathematical physics and not so strong but sur-
prisingly beautiful stream of quaternionic applications in various fields of
mathematics and physics.
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2 Hamiltonian formalism on T ∗SO(3)
2.1 Representation of right trivialization of T ∗SO(3)
Let’s bring are some useful relations for group SO(3) and its cotangent bundle
many of which can be found in [9, 10].
Group SO(3) is formed from orthogonal unimodular matricesR i.e. RT =
R−1, det(R) = 1. Accordingly the Lie algebra so(3) is formed from anti-
symmetric 3× 3-matrices with a Lie bracket in form of matrix commutator.
Let’s introduce isomorphism of vector spacesˆ: R3 → so(3) such that [10, p.
285]: ξ̂kl = −εiklξi, ξi = −
1
2
εiklξ̂kl, where εikl — Levi-Civita symbol. Then{
ξ̂η = ξ × η; [ξ̂, η̂] = ξ̂η̂ − η̂ξ̂ = ξ̂ × η;
〈ξ,η〉 = −1
2
tr(ξ̂η̂); Bξ̂B−1 = B̂ξ
(1)
The scalar product above allows to set equivalence of a Lie algebra and its
dual space so(3)∗ ≃ so(3). Symbol “≃” mean a diffeomorphism. As a rule,
diffeomorphisms used below have a simple group-theoretical or differential-
geometrical meaning that is explained in cited literature.
The representation of right trivialization corresponds to inertial frame of
reference that is shown in [9, p. 314], we have
TSO(3) ≃ SO(3)× so(3), T ∗SO(3) ≃ SO(3)× so(3)∗.
Then right and left group action of SO(3) on T ∗SO(3) (Cotangent Lift
[10, p. 166]) takes the form{
Rct
B
: (R, p̂i) ∈ T ∗SO(3)→ (RB, p̂i), B ∈ SO(3);
Lct
B
: (R, p̂i) ∈ T ∗SO(3)→ (BR,Bp̂iB−1) = (BR,Ad∗
B−1
p̂i)
(2)
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2.2 Symplectic and Poisson structures on T ∗SO(3)
The Liouville 1-form on T ∗SO(3) ≃ SO(3)× so(3)∗ is given by:
Θ
T ∗SO(3)
|(R,pi) = −
1
2
tr(p̂iδ̂R) = πiδR
i, (3)
where δ̂R = (dR)R−1 — right-invariant of the Maurer-Cartan 1-form.
Then for canonical symplectic 2-form, using Maurer-Cartan equation [10,
. 276] we have:
ΩT
∗SO(3)
can = −dΘ
T ∗SO(3) = δRi ∧ dπi − πi[δR, δR]
i = (4)
= −
1
2
εijkδRjk ∧ dπi +
1
2
πiεijkδRjs ∧ δRsk
Any given symplectic structure Ω defines a Poisson structure on the same
manifold:
{F,G}(z) = Ω(ξF (z), ξG(z)) = ∂ξGF = −∂ξFG (5)
where for vector field ξG the relation iξGΩ = dG is fulfilled.
Let’s consider the elements of the matrix R and components of the mo-
ment pi as the dynamic variables on T ∗SO(3) and we obtain the following set
of Poisson brackets that completely determine Poisson structure on T ∗SO(3):
{Rij, Rkl} = 0, {πi, Rjk} = εijlRlk, {πi, πj} = εijlπl. (6)
Notice that in inertial frame of reference Poisson brackets for matrix
elements R is grouped together in columns, for example, Poisson brackets of
3-rd column expressed only through elements of 3-rd column.
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3 Quaternion algebra
Quaternions form an associative algebra with unit e0 and generators
ei, i = 1, 2, 3 that satisfy to defining relation
eres = −δrse0 + εrstet (1)
or, that is equivalent to{
[er, es] = eres − eser = 2εrstet;
eres + eser = −2δrse0.
(2)
Thus quaternions form a 4-dimensional vector space over the field of real
numbers
q = q0e0 + q
1e1 + q
2e2 + q
3e3 (3)
or, through components of a 4-dimensional column vector: q = (q0, q1, q2, q3).
The component q0 is a scalar part of a quaternion q and components
q1, q2, q3 grouped as a vector part. Thus quaternion can be written as q =
(q0, q).
If q0 = 0 then permissible form q = q, and such quaternion called pure
quaternion [6, p. 301]. The pure quaternions form a linear subspace of
quaternions algebra, but not subalgebra, because associative product of two
pure quaternions leads to quaternion of general form
From (1) follows law of quaternion multiplication a and b
ab = (a0e0 + a
rer)(b
0e0 + b
ses) = (a
0e0 + a)(b
0e0 + b) (4)
= (a0b0 − 〈a, b〉)e0 + a
0b+ b0a + a× b
Then for pure quaternions through law of associative multiplication we
have the following expressions of scalar and vector product.{
〈x,y〉 = −1
2
(xy + yx);
x× y = 1
2
(xy − yx)
(5)
Operation of quaternions conjugation is introduced as follows
e0
† = e0, ek
† = −ek (6)
or
q† = (q0, q)† = (q0,−q) (7)
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Thus pure quaternions is completely characterized by the following prop-
erty
x† = −x (8)
From (7) follows
qq† = q†q = (q0q0 + (q, q))e0 = (q
0)2 + (q1)2 + (q2)2 + (q3)2 (9)
Thus, from (4,7) follows
(ab)† = b†a† (10)
Let introduce norm of quaternion
|q| =
√
(qq†) (11)
then
|ab| = |a||b| (12)
In addition from (9,11) follow a simple representation of inverse quater-
nion
q−1 =
q†
|q|2
(13)
Formulas (9) and (13) indicate that all quaternions but excluding a zeroth
have its own inverse, i.e. algebra of quaternions is the division ring.
From (12) and (13) that a unit quaternions, i.e. quaternions that norms
are equal to unit form a group.
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4 Presentation of rotations in quaternions
Let’s consider linear subspace of pure quaternions as 3-dimension Euclidean
space with inner product that determined by formula (5) §3.
Let’s show that inner automorphism of quaternion algebra that generated
by unit quaternion q, translate space of pure quaternions into itself.
The law of transformation can be written as
(1) x
′
= qxq−1 = qxq† = Q[x], |q| = 1.
Let’s show that resulting quaternion x
′
also is a pure quaternion, indeed,
(2) (qxq†)† = (q†)†x†q† = −qxq†.
so, operatorQ[x] is a linear operator that acting in a subspace of pure quater-
nions.
Let’s show that operator Q[x] preserves scalar product of vectors, using
expression of scalar product through associative multiplication from (5) §3
〈Q[x], Q[y]〉 = −
1
2
(qxq−1qyq−1 + qyq−1qxq−1) = −
1
2
q(xy + yx)q−1
= q〈x,y〉q−1 = 〈x,y〉.
Thus, following relations for invariance of operator Q are correct (proved
similarly)
(3)

〈Q[x], Q[y]〉 = 〈x,y〉;
Q[x]×Q[y] = Q[x× y];
〈Q[z], Q[x]×Q[y]〉 = 〈z,x× y〉
The first relation (3) means that operator Q is orthogonal and third
relation that it is unimodular, i.e. Q is proper rotation (Q ∈ SO(3)).
The particular interest in context of posed a problem is explicit form
of matrix elements of operator Q that can be obtained from (1) by using
multiplication law (4) §3
(4) Qik = 2
[(
(q0)2 −
1
2
)
δik + q
iqk − q0qjεjik
]
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that for unit quaternion is equivalent to following expression for matrix of
operator
(5) Q =
q20 + q21 − q22 − q23 2(q1q2 − q0q3) 2(q1q3 + q0q2)2(q1q2 + q0q3) q20 − q21 + q22 − q23 2(q2q3 − q0q1)
2(q1q3 − q0q2) 2(q2q3 + q0q1) q
2
0 − q
2
1 − q
2
2 + q
2
3

Let’s show that q −→ Q is mapping on whole SO(3) group.
In particular case when q1 = 0, q2 = 0 this matrix takes the form
Q =
q20 − q23 −2q0q3 02q0q3 q20 − q23 0
0 0 q20 + q
2
3

If q0 = cos
1
2
θ, q3 = sin
1
2
θ then
Q =
cos θ − sin θ 0sin θ cos θ 0
0 0 1

This is a matrix of rotation around Z axis through an angle θ (counterclock-
wise).
Likewise, we will get rotations around x and y axes.
Notice. It is useful to note that an arbitrary unit quaternion can be
represented as
(6) q = cos (ϕ/2)e0 + sin (ϕ/2)e,
where e is pure and unit quaternion that sets the rotation axis and ϕ is
corresponding angle of rotation around that axis. Expression (6) that is
considered as a function ϕ is one-parameter subgroup of the group of unit
quaternions.
Because of Γ : q −→ Q is a homomorphism, so product of such rota-
tions be contained in the image of this homomorphism. It is known that any
rotation can be obtained as a product of rotations around the axes of Carte-
sian coordinate system. So, matrices (4) and (5) are record of an arbitrary
element of the group SO(3) in terms of quaternion parameters.
Thus formula (1) defines a homomorphism of the group of unit quater-
nions on SO(3). At the same time, these groups are locally isomorphic and
the group of unit quaternions is double covering group SO(3) [6]. Indeed,
from (1) it is obvious that quaternion q and (−q) gives the same rotation Q.
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5 Quaternion representation in terms of ro-
tations
In previous section it was shown that every rotation SO(3) corresponds to
2 and only 2 unit quaternions of the different sign. There is the problem of
explicit expression of this functional dependence.
Matrix Q that corresponds to quaternion q has following elements
(1) Qik = (2q
2
0 − 1)δik + 2qiqk − 2q0qjεjik
Let’s obtain the trace of matrix with taking into account that q is a unit
quaternion
(2) Sp(Q) = 4q20 − 1
i.e.
(3) q20 =
1
4
(Sp(Q) + 1)
The antisymmetric part of matrix Q has a simple form, so
(4) q0qi = −
1
4
εijkQjk
Thus where q0 6= 0 one can explicitly express components of quaternion
corresponding to a given rotation matrix, through its elements
(5)
{
q0 =
1
2
(Sp(Q) + 1)
1
2 ;
qi = −
1
2
εijkQjk
(Sp(Q)+1)
1
2
;
There are two solutions to this system, corresponds to two various choices
of sign of root in the expression for q0.
If we want to have a solution of these functional equations in the neighbor-
hood of quaternion with zero scalar part (Sp(Q) = −1), i.e. in neighbourhood
of pure quaternion then formulas (5) are not suitable.
It should be also mentioned that for numerical computations the difficul-
ties can also arise for small but non-zero values of q0. Therefore E. Salamin
who investigated the problem of comparative evaluation of effectiveness of
numerical computations with using orthogonal matrices and quaternions [7],
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suggested to use next set of formulas to find components of quaternion that
follows from matrix Q
(6)

q20 =
1
4
(1 +Q11 +Q22 +Q33);
q21 =
1
4
(1 +Q11 −Q22 −Q33);
q22 =
1
4
(1−Q11 + Q22 −Q33);
q23 =
1
4
(1−Q11 −Q22 +Q33);
(7)

q0q1 =
1
4
(Q32 −Q23);
q0q2 =
1
4
(Q13 −Q31);
q0q3 =
1
4
(Q21 −Q12);
q1q2 =
1
4
(Q12 +Q21);
q1q3 =
1
4
(Q13 +Q31);
q2q3 =
1
4
(Q23 +Q32);
For numerical computations it is optimal to choose of the maximum com-
ponent of quaternion (by its absolute value) from (6) (choice of the sign of
component will determine the sign of quaternion), and then the others com-
ponents can be found from (7).
It is clear that for unit quaternion at least one of the component will be
different from 0.
Note that solution (5) that found above corresponds to 1-st line of (6)
and first 3 lines in (7).
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6 Poisson brackets with components of quater-
nion
As it is follows from the foregoing description quaternion variables can be
regarded as dynamic variables in the phase space of a rigid body. The only
difference from usual dynamic variables in two-valuedness of quaternion vari-
ables.
This is not an obstacle to use of quaternion variables to describe of dy-
namics of a rigid body. By selecting a certain sign of these variables at the
initial point of the trajectory in phase space we choose the sign in accord
with the continuity throughout the trajectory.
Also, if we restrict some neighborhood of a point of phase space of a rigid
body then it is possible to choose one of branch of expressions in quaternion
variables express in terms of elements of rotation matrix.
To derive Poisson brackets with components of quaternions we need to
compute ∂q0
∂Qkl
and ∂qi
∂Qkl
.
For instance,
(1) {πi, q0} =
∂q0
∂Qkl
{πi, Qkl}
where Poisson bracket {πi, Qkl} is known from (1) §1.
From (5) of previous section we have
(2)
{
∂q0
∂Qkl
= 1
8q0
δkl;
∂qj
∂Qkl
= − 1
4q0
(
εjkl +
1
2
qj
q0
δkl
)
;
If we take into account {πi, Qkl} = εiknQnl with (2) we get
(3) {πi, q0} =
∂q0
∂Qkl
{πi, Qkl} =
1
2
qi
and
(4) {πi, qj} =
1
2
(εijkqk − q0δij)
Since {Qij, Qkl} = 0 we finally obtain
(5)

{qµ, qν} = 0, µ = 0, 1, 2, 3;
{πi, q0} =
1
2
qi;
{πi, qj} =
1
2
(εijkqk − q0δij);
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As mentioned in the introduction, such Poisson brackets were obtained
by Borisov and Mamaev as an expressions for generators of some Poisson
structure of Lie-Poisson. In addition the value of C(q) = (q0)2 + (q1)2 +
(q2)2 + (q3)2 is Casimir function in Poisson structure and so in order to get
description of dynamics of a rigid body we should pass on to a symplectic
leaf of this Poisson structure that corresponds to the value C(q) = 1.
6.1 The properties of invariance of Poisson structure
on T ∗(SE(3)) (T ∗(SO(3)))
Take note on Poisson brackets (1) §1 that contain matrix elements of rotation.
For example, look at expression of
(1) {πi, Qjk} = εijlQlk
lets multiply it on fixed matrix B ∈ SO(3) from right side. Since elements
of the matrix B are constants then we can put them into Poisson brackets
in the left side of (1) then the expression is valid
(2) {πi, (QB)jn} = εijl(QB)ln
If we performs the same conversion with all such Poisson brackets we
can see that matrix elements of rotation P = QB will satisfies to all those
Poisson brackets as matrix elements of initial rotation Q.
Let’s show that Poisson brackets of previous section can be written in a
more compact form by using law of quaternion multiplication.
Let’s multiply quaternion q = q0e0 + qkek from left side on ei
eiq = q0ei + qk(eiek) = q0ei + qk(−δike0 + εikjej) = −qie0 + q0δijej + qkεikjej
i.e.
(3) eiq = −qie0 + q0δijej + qkεikjej
or
(4)
{
(eiq)0 = −qi;
(eiq)j = −εijkqk + q0δij ;
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Then
(5)
{
{q0, πi} =
1
2
(eiq)0;
{qj, πi} =
1
2
(eiq)j;
i.e.
(6) {qµ, πi} =
1
2
(eiq)µ, µ = 0, 1, 2, 3;
Formally one can multiply (6) from left side on fixed quaternions e0, e1, e2, e3
and then summing by µ-index. In addition using eµ as constant we can insert
them into Poisson bracket.
The result is
(7) {πi, q} = −
1
2
eiq;
In the same way as for matrices when we multiply (7) from the right
side on a some fixed quaternion b, |b| = 1 we can see that new quaternion
dynamic variable p = qb satisfies same Poisson brackets (7) like q. In fact
it is a simple algebraic transformation is equivalent to applying matrices of
right translation (2) §2 to the set of relationships (7).
Therefore p satisfies to all Poisson brackets that are analogous to Poisson
brackets in (5) of previous section.
6.2 Poisson brackets with quaternion components, the
special case
Strictly speaking the obtaining relations (5) §6 that are present above will not
be correct in the neighbourhood of pure quaternion Sp(Q) = −1 −→ q0 = 0,
because (5) §5 is not feasible the solution at this point.
But this not means that formulas (5) §6 in the neighbourhood of pure
quaternion is not valid. A quaternion with q0 = 0 does not looks like a
critical point for these formulas. However the proof of these formulas in
general requires other approaches.
First of all one can use Salamins solutions of (6,7) §5 by taking as a
pivotal the component of quaternion that is not zero in this neighborhood, for
example q1. Unfortunately such direct approach leads to very cumbersome
and non-transparent computations.
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Let’s consider properties of invariance that were listed in previous section,
as well as the fact that the map q −→ Q is a homomorphism on group SO(3)
as it was described above.
Let’s suppose that we need to obtain Poisson bracket with quaternions
in the neighbourhood of pure quaternion q with q0 = 0.
Lets consider such fixed quaternion b : |b| = 1 that dynamic quaternion
variable p = qb has value p0 6= 0 at this point (this always can be done for
q : |q| = 1 as it was shown above). Quaternion p mapping into the matrix
P ∈ SO(3) for the chosen homomorphism (p −→ P ).
Quaternion variable p has same relation to matrix-variable P just as the
relation of variable q to variable Q when deriving Poisson brackets with
quaternions that was described above and moreover p0 6= 0.
Consequently for quaternion variable p Poisson brackets (5) §6 are ful-
filled. By applying the inverse transform q = pb−1 to the obtained formulas
we will got (5) §6 but for quaternion variable q.
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7 Tangent and cotangent bundle over S3
7.1 Tangent bundle to group S3 ⊂ H
Since group S3 is a subset of associative algebra H (so and linear space) then
a curve on the group is also a curve in the linear space. Therefore the vector
of speed ξ of this curve i.e. element ξ ∈ T (S3) we can considered as the
element of H.
(1) q(t)q(t)† = 1 −→ q˙q† + qq˙† = 〈q, q˙〉 = 0
So, tangent vectors to S3 in the point q can be presented as quaternions
ξ that are orthogonal to quaternion q.
The left (right) translation of tangent vector in this presentation coin-
cides with product of quaternion that are tangent vector on quaternion that
generates left (right) translation.
Really, let q(t)|t=0 = a
(2) TaLb · q˙ =
d
dt
(Lbq(t))|t=0 =
d
dt
(bq(t))|t=0 = bq˙
Proposition 1. If e — pure quaternion then ξ = Lqe = qe ∈ T (S
3)
and, vice versa, if ξ ∈ T (S3) then q−1ξ = q†ξ — pure quaternion (q ∈ S3).
Similar statements are correct and for right translations.

The fact that e – pure quaternion can be express in terms of
e+ e† = 0 −→ ee†0 + e0e
† = 0 −→ 〈e0, e〉 = 0 −→ 〈Lqe0, Lqe〉 = 0
and, vice versa
〈q, ξ〉 = 0 −→ 〈Lq−1q, Lq−1ξ〉 = 0 −→ 〈e0, q
−1ξ〉 = 0 −→ q−1ξ + (q−1ξ)† = 0

Conclusion. The tangent space at the group identity can be identified
with subspace of pure quaternions.
On T (S3) from H the Euclidean metric is induced. In particular Te(S
3)
is a subspace of pure quaternions and at the same time it is 3-dimensional
Euclidean space.
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7.2 The Lie algebra of S3 ⊂ H
As shown above an arbitrary unit quaternion can be represented as cos (ϕ/2)e0+
sin (ϕ/2)e, where e – pure and unit quaternion.
Chosen the one-half angle as a parameter of the one-parameter subgroup
connected with the interpretation of homomorphism Γ : S3 7→ SO(3) wherein
e defines an axis of rotation and ϕ – corresponding the angle of rotation
around this axis.
For study of the Lie algebra Lie(S3) will be more convenient to present
one-parameter subgroup in form
(1) exp (te) = cos(t)e0 + sin(t)e
Accordingly the pure unit quaternions e can be considered as an element
of Lie(S3) algebra.
It is reasonable to assume as a basis for Lie(S3) set of generators ei,
i = 1, 2, 3.
Then formula (2) §3 provides structure constants of this Lie algebra
(2) [er, es] = eres − eser = 2εrstet = c
t
rset
So, from the above it follows that Lie(S3) = Te(S
3) can be identified with
subspace of pure quaternions.
Proposition 2. Lie(S3) = Te(S
3) subspace is revealed an Euclidean
space where operator Adq ∈ SO(3).

Indeed,
(3) Adq[e] =
d
dt
(qexp(te)q−1)|t=0 = qeq
−1 = qeq† = Γ(q)[e]

Now it is easy to derive expression for Lie bracket in quaternions
(3) adξ[η] =
d
dt
Adexp(tξ)[η]|t=0 =
d
dt
(exp(tξ)ηexp(−tξ)) = ξη − ηξ
(3a) adξ[η] = ξη − ηξ = [ξ,η] = 2ξ × η
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7.3 The dual space to Lie algebra and bundle T ∗(S3)
The metric on Lie(S3) = Te(S
3) allows us to identify Lie∗(S3) and Lie(S3).
Indeed, pure quaternion κ defines linear form on Lie(S3) = Te(S
3) by the
formula
(1) κ[ξ] = 〈κ, ξ〉, ∀ξ ∈ Lie(S3)
Let’s compute the operator Ad∗q [µ]
(2) 〈Ad∗q [µ], ξ〉 = 〈µ,Adq[ξ]〉 = 〈µ, qξq
−1〉 = 〈q−1µq, ξ〉 = 〈q†µq, ξ〉
or
(2a) Ad∗q[µ] = q
−1µq = q†µq
Operator ad∗ξ can be found either as derivative with respect to t for Ad
∗
q [µ]
where q(t) = exp(tξ) or as operator adjoint to adξ.
In any case we get the following result
(3) ad∗ξ[µ] = [µ, ξ] = 2µ× ξ
In the light of above said and bearing in mind the existence of 2-directional
invariant metrics on S3 we can identify T ∗(S3) and T (S3).
7.4 Algebra isomorphism Lie(S3) and Lie(SO(3))
Let’s consider expression of right-invariant Maurer-Cartan 1-form that was
introduced in subsection 2.2. and represent it through quaternion variables.
Proposition 3. The following formulas are valid.
(1) (dQQ−1)ik = −2 (qidqk − qkdqi + (q0dqr − qrdq0) εikr)
(2) (dQQ−1)i = −
1
2
εirs(dQQ
−1)rs
= 2 (q0dqi − qidq0 + εirsqrdqs) = 2(dqq
−1)i
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We have
(3) Qij = (2q
2
0 − 1)δij + 2qiqj − 2q0qrεijr
(4) dQij = 4q0dq0δij + 2qidqj + 2qjdqi − 2q0dqrεijr − 2qrdq0εijr
(5) Q−1jk = Q
T
jk = (2q
2
0 − 1)δjk + 2qjqk + 2q0qsεjks
From here by using q20 + q
2 = 1 −→ q0dq0 + 〈q, dq〉 = 0
(dQQ−1)ik = (4q0dq0δij + 2qidqj + 2qjdqi − 2q0dqrεijr − 2qrdq0εijr)
×
(
(2q20 − 1)δjk + 2qjqk + 2q0qsεjks
)
= 4(2q20−1)q0dq0δik+2(2q
2
0−1)qidqk+2(2q
2
0−1)qkdqi−2(2q
2
0−1)q0dqrεikr−2(2q
2
0−1)qrdq0εikr
+8q0dq0qiqk + 4qidqjqjqk + 4q
2qkdqi − 4q0qjqkdqrεijr − 4qjqkqrdq0εijr
+8q0qsq0dq0εiks + 4q0qiqsεjksdqj − 4q
2
0qsεjksεijrdqr − 4qrqsεjksεijrq0dq0
= 4(2q20−1)q0dq0δik+2(2q
2
0−1)qidqk+2(2q
2
0−1)qkdqi−2(2q
2
0−1)q0dqrεikr−2(2q
2
0−1)qrdq0εikr
+8q0dq0qiqk + 4qiqkqjdqj + 4q
2qkdqi − 4q0qjqkdqrεijr − 4qjqkqrdq0εijr
+8q20qsdq0εiks + 4q0qiqsεjksdqj
+4q20qs(δikδrs − δkrδis)dqr + 4qrqs(δikδrs − δkrδis)q0dq0
= 4(2q20 − 1)q0dq0δik + 2(2q
2
0 − 1)qidqk + 2(2q
2
0 − 1)qkdqi
−2(2q20 − 1)q0dqrεikr − 2(2q
2
0 − 1)qrdq0εikr
+8qiqkq0dq0 + 4qiqkqrdqr + 4q
2qkdqi − 4q0qjqkdqrεijr − 4qjqkqrdq0εijr
+8q20qsdq0εiks + 4q0qiqsεjksdqj
+4
(
q20qrdqr + q
2q0dq0
)
δik − 4qkqiq0dq0 − 4q
2
0qidqk
= 4
(
(2q20 − 1)q0dq0 +
(
q20qrdqr + q
2q0dq0
))
δik
+2
(
(2q20 − 1)− 2q
2
0
)
qidqk + 2
(
(2q20 − 1) + 2q
2
)
qkdqi
−2(2q20 − 1)q0dqrεikr − 2(2q
2
0 − 1)qrdq0εikr
+4qiqkq0dq0 + 4qiqkqrdqr − 4q0qjqkdqrεijr
+8q20qsdq0εiks + 4q0qiqsεjksdqj
23
= 4
(
q20(q0dq0 + qrdqr) + (q
2
0 + q
2)q0dq0 − q0dq0
)
δik
+2
(
(2q20 − 1)− 2q
2
0
)
qidqk + 2
(
(2q20 − 1) + 2q
2
)
qkdqi
−2(2q20 − 1)q0dqrεikr − 2(2q
2
0 − 1)qrdq0εikr
+4qiqkq0dq0 + 4qiqkqrdqr − 4q0qjqkdqrεijr
+8q20qsdq0εiks + 4q0qiqsεjksdqj
= −2qidqk + 2qkdqi
−4q20q0dqrεikr + 2q0dqrεikr + 2qrdq0εikr
+4q20qrdq0εikr + 4q0qiqrεjkrdqj − 4q0qjqkdqrεijr
= −2qidqk + 2qkdqi − 4q
2
0(q0dqr − qrdq0)εikr
+2q0dqrεikr + 2qrdq0εikr + 4q0qj(qiεkjr − qkεijr)dqr
Let’s use the identity
qiεkjr − qkεijr =
1
2
εiksεsmn(qmεnjr − qnεmjr)
=
1
2
εiks(qmεnjrεsmn − qnεmjrεsmn)
=
1
2
εiks(qm(δjsδmr − δrsδjm) + qn(δjsδnmr − δrsδjn)
= εiks(qrδjs − qjδrs)
Then
(dQQ−1)ik = −2qidqk + 2qkdqi − 4q
2
0(q0dqr − qrdq0)εikr
+2q0dqrεikr + 2qrdq0εikr + 4q0qjεiks(qrδjs − qjδrs)dqr
= −2qidqk + 2qkdqi − 4q
2
0(q0dqr − qrdq0)εikr
+2q0dqrεikr + 2qrdq0εikr + 4q0εiks(qsqrdqr − q
2dqs)
= −2qidqk + 2qkdqi
−4q0(q
2
0dqr + q
2dqr − qrq0dq0 + qrq0dq0)εikr
+2q0dqrεikr + 2qrdq0εikr
= −2qidqk + 2qkdqi − 2q0dqrεikr + 2qrdq0εikr
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Thus, it is proved the relation (1), i.e.
(dQQ−1)ik = −2 (qidqk − qkdqi + (q0dqr − qrdq0) εikr)
Going to the vector representation we obtain
(dQQ−1)j = −
1
2
εjik(dQQ
−1)ik = εjik(qidqk − qkdqi) + (q0dqr − qrdq0) εjikεikr
= 2εjikqidqk + 2 (q0dqr − qrdq0) δjr
= 2 (q0dqj − qjdq0) + 2εjikqidqk
Hence was proved the relation (2), i.e.
(dQQ−1)i = −
1
2
εirs(dQQ
−1)rs = 2 (q0dqi − qidq0 + εirsqrdqs) = 2(dqq
−1)i

Let’s call arithmetic vectors through bold symbols, i.e. sets of numbers
that are vector components, and let for angular velocity and intrinsic angular
momentum they should be components in inertial frame of reference, but for
quaternions they should be in basis of generators of quaternion algebra.
Then in these coordinates
(6) dΓe = 2 · Id
(7) ω = 2dΓe[ξ], ω ∈ Lie(SO(3)), ξ ∈ Lie(S
3)
We have
(8)

dΓe[ξ] =
1
2
ω;
dΓe[ξ
′] = 1
2
ω′;
dΓe[2ξ × ξ
′] = ω × ω′;
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8 Poisson structure for dynamic quaternion
variables
8.1 Jacobi identity for structure tensor
Poisson structure for dynamic quaternion variables can be entered axiomat-
ically.
(1)

{qµ, qν} = 0, µ, ν = 0, 1, 2, 3;
{µi, q0} = qi;
{µi, qj} = εijkqk − q0δij ;
{µi, µj} = 2εijlµl;
But for that we must prove the Jacobi identity for structure tensor of
quaternionic Poisson brackets.
Proposition 4. The structure tensor of quaternionic Poisson brackets
(1) has form
(1a)

Jµν = 0, µ, ν = 0, 1, 2, 3;
J4+i,0 = qi;
J4+i,j = εijkqk − q0δij;
J4+i,4+j = 2εijlµl;
and Jacobi identity is satisfied
(2) JIJ
,LJLK + JJK
,LJLI + JKI
,LJLJ = 0

If I ≤ 4, J ≤ 4 and K ≤ 4 then execution of (2) is obvious.
Let’s consider completely opposite case when I > 4, J > 4 and K > 4.
We have
Ji+4,j+4
,LJL,k+4 + Jj+4,k+4
,LJL,i+4 + Jk+4,i+4
,LJL,j+4
= (2εijrµr)
,LJL,k+4 + (2εjkrµr)
,LJL,i+4 + (2εkirµr)
,LJL,j+4
= (2εijrµr)
,l+4JL,k+4 + (2εjkrµr)
,l+4JL,i+4 + (2εkirµr)
,l+4JL,j+4
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= (2εijrµr)
,l+4Jl+4,k+4 + (2εjkrµr)
,l+4Jl+4,i+4 + (2εkirµr)
,l+4Jl+4,j+4
= (2εijrδ
l
r)(2εlksµs) + (2εjkrδ
l
r)(2εlisµs) + (2εkirδ
l
r)(2εljsµs)
= 4(εijrεrks + εjkrεris + εkirεrjs)µs
= 4((δikδjs − δisδjk) + (δjiδks − δjsδki) + (δkjδis − δksδij))µs = 0
If I ≤ 4, J ≤ 4 and K > 4 then
Jαβ
,LJL,k+4 + Jβ,k+4
,LJL,α + Jk+4,α
,LJL,β
= Jβ,k+4
,LJL,α + Jk+4,α
,LJL,β = −Jk+4,β
,LJL,α + Jk+4,α
,LJL,β
= −Jk+4,β
,γJγ,α + Jk+4,α
,γJγ,β = 0
If now we have I ≤ 4, J > 4 and K > 4 then
(3) Jα,j+4
,LJL,k+4 + Jj+4,k+4
,LJL,α + Jk+4,α
,LJL,j+4
= −Jj+4,α
,γJγ,k+4 + Jj+4,k+4
,l+4Jl+4,α + Jk+4,α
,γJγ,j+4
= Jj+4,α
,γJk+4,γ − Jk+4,α
,γJj+4,γ + Jj+4,k+4
,l+4Jl+4,α
And also let now α = 0 then expression (3) takes the form
Jj+4,0
,γJk+4,γ − Jk+4,0
,γJj+4,γ + Jj+4,k+4
,l+4Jl+4,0
= Jj+4,0
,sJk+4,s − Jk+4,0
,sJj+4,s + 2εiklql
= δsj (εksrqr − q0δks)− δ
s
k(εjsrqr − q0δjs) + 2εiklql
= (εkjrqr − q0δkj)− (εjkrqr − q0δjk) + 2εiklql
= −2εjkrqr + 2εiklql = 0
Else if α = t then expression (3) takes the form
Jj+4,t
,γJk+4,γ − Jk+4,t
,γJj+4,γ + Jj+4,k+4
,l+4Jl+4,t
= Jj+4,t
,0Jk+4,0 − Jk+4,t
,0Jj+4,0 + 2εjklJl+4,t + Jj+4,t
,sJk+4,s − Jk+4,t
,sJj+4,s
= −δjtqk+ δktqj+2εjkl(εltrqr−q0δlt)+εjts(εksrqr−q0δks)−εkts(εjsrqr−q0δjs)
= −δjtqk + δktqj + 2εjklεltrqr + εjtsεksrqr − εktsεjsrqr
−2εjktq0 − εjtkq0 + εktjq0
= −δjtqk + δktqj + 2εjklεltrqr + εjtsεksrqr − εktsεjsrqr
= −δjtqk + δktqj + 2(δjtδkr − δjrδkt)qr − (δjkδtr − δjrδtk)qr + (δkjδtr − δkrδtj)qr
= −δjtqk + δktqj + 2δjtqk − 2δktqj − δjkqt + δtkqj + δkjqt − δtjqk = 0
Lists all possible combinations of indices.

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8.2 Poisson map from S3 × R3 to SO(3)× so(3)∗
Let’s suppose now that on S3 × R3 we have next Poisson structure
(1)

{qµ, qν} = 0, µ, ν = 0, 1, 2, 3;
{µi, q0} = qi;
{µi, qj} = εijkqk − q0δij ;
{µi, µj} = 2εijlµl;
Let’s put in dynamic variables
(2) πi =
1
2
µi
Proposition 5. If Poisson brackets in quaternion variables (1) is valid
then for matrices in form
(3) Qik = (2q
2
0 − 1)δik + 2qiqk − 2q0qjεjik
the next Poisson brackets will fulfilled,
(4) {Qij , Qkl} = 0, {πi, Qjk} = εijlQlk, {πi, πj} = εijlπl
i.e. Poisson structure on T ∗SO(3) is induced from Poisson structure (1) on
T ∗S3 put it in other way Γ× 1
2
idR3 is a Poisson mapping.

From (1) follow next Poisson brackets
(5)

{πi, q
2
0} = q0qi;
{πi, qjqk} =
1
2
εiknqjqn +
1
2
εijnqkqn −
1
2
q0qjδik −
1
2
q0qkδij;
{πi, q0ql} = −
1
2
q20δil +
1
2
qiql +
1
2
εilnq0qn;
Then
{πi, Qjk} = 2{πi, q
2
0}δjk + 2{πi, qjqk} − 2εljk{πi, q0ql}
= 2q0qiδjk + 2
(
1
2
εiknqjqn +
1
2
εijnqkqn −
1
2
q0qjδik −
1
2
q0qkδij
)
−2εljk
(
−
1
2
q20δil +
1
2
qiql +
1
2
εilnq0qn
)
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= 2q0qiδjk + εiknqjqn + εijnqkqn − q0qjδik − q0qkδij
+εljkq
2
0δil − εljkqiql − εljkεilnq0qn
= 2q0qiδjk + εiknqjqn + εijnqkqn − q0qjδik − q0qkδij
+εljkq
2
0δil − εljkqiql + εjlkεilnq0qn
= 2q0qiδjk + εiknqjqn + εijnqkqn − q0qjδik − q0qkδij
+εljkq
2
0δil − εljkqiql + (δijδkn − δikδjn) q0qn
= 2q0qiδjk + εiknqjqn + εijnqkqn − q0qjδik − q0qkδij
+εljkq
2
0δil − εljkqiql + q0qkδij − q0qjδik
Hence we have
(6) {πi, Qjk} = εljkq
2
0δil + 2q0qiδjk − 2q0qjδik
+εiknqjqn + εijnqkqn − εljkqiql
(6a) {πi, Qjk} = εljkq
2
0δil + 2q0qiδjk − 2q0qjδik
+εiknqjqn − εjknqiqn + εijnqkqn
(6b) {πi, Qjk} = εljkq
2
0δil + 2q0qiδjk − 2q0qjδik
+ (εiknδjl − εjknδil) qlqn + εijnqkqn
Since value εiknδjl−εjknδil is antisymmetric with respect to ij then it can
be expressed by means of dual value.
(7)
1
2
εmij (εiknδjl − εjknδil) = δklδmn − δkmδnl
i.e.
(7a) εiknδjl − εjknδil = εijm(δklδmn − δkmδnl) = εijnδkl − εijkδnl
Substituting (7a) in (6b) we obtain
{πi, Qjk} = εljkq
2
0δil + 2q0qiδjk − 2q0qjδik
+ (εijnδkl − εijkδnl) qlqn + εijnqkqn
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= εljkq
2
0δil + 2q0qiδjk − 2q0qjδik − εijkq
2 + 2εijnqkqn
= εljkq
2
0δil + 2q0qn (δjkδin − δjnδik)− εijk(1− q
2
0) + 2εijnqkqn
= (2q20 − 1)εijk + 2q0qn (δjkδin − δjnδik) + 2εijnqkqn
= (2q20 − 1)εijk + 2q0qnεijmεnkm + 2εijnqkqn
= εijl
(
(2q20 − 1)δlk + 2qlqk + 2q0qnεnkl
)
= εijl
(
(2q20 − 1)δlk + 2qlqk − 2q0qnεnlk
)
Now then
(8) {πi, Qjk} = εijl
(
(2q20 − 1)δlk + 2qlqk − 2q0qnεnlk
)
= εijlQlk

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9 Symplectic geometry on T ∗S3 ≃ S3 × R3
Let’s consider Liouville-form on T ∗S3.
(1) Θ = µi(δq)
i, δq = dqq−1 = dqq†
It follows (d(q−1) = −q−1(dq)q−1)
dΘ = dµi ∧ (δq)
i + µid(δq)
i = dµi ∧ (δq)
i + µid(dqq
−1)i
= dµi ∧ (δq)
i − µi(dq ∧ d(q
−1))i = dµi(δq)
i + µi(dq ∧ q
−1dqq−1)i
Let’s consider 2-nd summand on pair of vectors
dq ∧ q−1dqq−1(u, v) = dq(u)q−1dq(v)q−1 − dq(v)q−1dq(u)q−1
= dqq−1 ∧ dqq−1(u, v) = δq ∧ δq(u, v)
Hence
(2) dΘ = dµi(δq)
i + µid(δq)
i = dµi(δq)
i + µi(δq ∧ δq)
i
(2a) Ω = −dΘ = −dµi ∧ (δq)
i − µi(δq ∧ δq)
i
(2b) Ω = (δq)i ∧ dµi − µi(δq ∧ δq)
i
Consider the expression (δq ∧ δq)i by calculating it on vectors u, v
(δq ∧ δq)i(u, v) = (δq(u)δq(v)− δq(v)δq(u))i
= 2(δq(u)× δq(v))i = εikl(δq
k(u)δql(v)− δqk(v)δql(u))
= εiklδq
k
∧ δql(u, v)
i.e.
(3) (δq ∧ δq)i = εiklδq
k
∧ δql
Hence
(2c) Ω = δqi ∧ dµi − µiεiklδq
k
∧ δql
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9.1 Symplectic structure on S3 × R3 that is induced
from SO(3)× so(3)∗
(1) ΩT
∗SO(3)
can = −dΘ
T ∗SO(3) = δQi ∧ dπi − πi[δQ, δQ]
i =
= −
1
2
εijkδQjk ∧ dπi +
1
2
πiεijkδQjs ∧ δQsk
Let’s express differentials δQ by means of δq as well as using dπ = 1
2
dµ
We have
−
1
2
εijkδQjk ∧ dπi = δQ
i
∧ dπi = 2δq
i
∧
1
2
dµi = δq
i
∧ dµi
and also
εijkδQjs ∧ δQsk(u, v) = εijk(δQjs(u)δQsk(v)− δQjs(v)δQsk(u))
= εijk[δQjs(u), δQsk(v)] = εijk
̂
(δ ~Q(u)× δ ~Q(v))jk = −2(δ
~Q(u)× δ ~Q(v))i
= −8(δ~q(u)× δ~q(v))i = −8εijkδq
j(u)δqk(v)
= −4εijk(δq
j(u)δqk(v)− δqj(v)δqk(u)) = −4εijk(δq
j
∧ δqk)(u, v)
i.e.
(2) εijkδQjs ∧ δQsk(u, v) = −4εijk(δq
j
∧ δqk)(u, v)
or
(2a) εijkδQjs ∧ δQsk = −4εijk(δq
j
∧ δqk)
Thus
ΩT
∗SO(3)
can = −
1
2
εijkδQjk ∧ dπi +
1
2
πiεijkδQjs ∧ δQsk
= δqi ∧ dµi − 2πiεijk(δq
j
∧ δqk) = δqi ∧ dµi − µiεijk(δq
j
∧ δqk)
that coincides with (2c) of previous subsection.
Then through direct calculation we proved in representation of right triv-
ialization next proposition.
Proposition 6. Symplectic structure on T ∗S3 is induced from symplectic
structure on T ∗SO(3), i.e.
(3)
{(
Γ× 1
2
idR3
)∗
Θ
T ∗SO(3)
can = ΘT
∗S3
can ;(
Γ× 1
2
idR3
)∗
Ω
T ∗SO(3)
can = ΩT
∗S3
can ;
and this mapping is revealed local isomorphism.
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9.2 Left- and right-invariant field on T ∗S3 ≃ S3 × R3
First of all, left and right action on T ∗S3 ≃ S3 × R3 takes the form
(1)
{
Rp(q,µ) = (qp,µ);
Lp(q,µ) = (pq, pµp
−1) = (pq,Γ(p)[µ]);
Then
(2)
{
ξ˜R(q,µ) = (qξ, 0);
ξ˜L(q,µ) = (ξq, ξµ− µξ) = (ξq, 2ξ × µ);
From (2) we have next proposition.
Proposition 7. The vector fields
(3) e˜i
L,
∂
∂µi
form the global basis on T ∗S3 ≃ S3 × R3.
Then an arbitrary vector
(4) X ∈ T (S3 × R3) −→ vke˜Lk + ηk
∂
∂µk
9.3 Poisson structure of symplectic geometry on T ∗S3
We have
(1)
{
Lξ˜RΘ = 0;
Lξ˜LΘ = 0;
Then
(2) iξ˜Ω = −iξ˜dΘ = −Lξ˜Θ+ d ◦ iξ˜Θ = d(Θ(ξ˜))
and
(3)
{
iξ˜RΩ = d(Θ(qξ, 0)) = d(µi(qξq
−1)i) = d〈µ, qξq−1〉;
iξ˜LΩ = d(Θ(ξq, 2ξ × µ)) = d(µiξ
i) = d〈µ, ξ〉;
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2-nd line in (3) means that Hamiltonian field corresponding to dynamic
variable 〈µ, ξ〉 is ξ˜L.
Then
(4) {〈µ, ξ〉, 〈µ,η〉} = ∂η˜L〈µ, ξ〉 = 2〈η × µ, ξ〉 = 2〈µ, ξ × η〉
(4a) {µ, 〈µ,η〉} = 2η × µ
(4b) {µi, µk} = 2εiklµl
Analogically
(5) {qα, 〈µ, ξ〉} = ∂ξ˜Lq
α = (ξq)α
or
(5a) {q, 〈µ, ξ〉} = ξq = −〈ξ, q〉e0 + q
0ξ + ξ × q
Hence we have
(5b)
{
{q0, 〈µ, ξ〉} = −〈ξ, q〉;
{qi, 〈µ, ξ〉} = q0ξi + (ξ × q)i;
(5c)
{
{〈µ, ξ〉, q0} = 〈ξ, q〉;
{〈µ, ξ〉, qi} = −q0ξi − (ξ × q)i;
(5d)
{
{µi, q
0} = qi;
{µi, q
k} = −q0δki + εiklq
l;
Now let’s consider Poisson brackets for functions that depend only on
variables q but not µ.
For basis quaternions from (3) we obtain
(6) ie˜L
k
Ω = dµk
Let coefficients vk are arbitrary functions (q,µ). Then we have
(6a) i(vk e˜L
k
)Ω = v
kdµk
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Let
(7) X = vke˜Lk + ηk
∂
∂µk
∈ T (S3 × R3)
— arbitrary vector.
From (6a) and expression
(8) Ω = (δq)i ∧ dµi − µiεiklδq
k
∧ δql
we have
(9) iXΩ = v
kdµk + ηkδq
k
In equation for Hamiltonian field XF corresponding to Hamiltonian F (q)
(10) iXFΩ = dF
as it is follows from (9) the field XF can not contain components related to
basis vectors e˜Lk i.e.
(11) XF = ηk
∂
∂µk
If F and G are two such functions then from
(12) {F,G}(z) = Ω(ξF (z), ξG(z))
it should be
(13) {F (q), G(q)} = 0
and finally we have next proposition.
Proposition 8. The Poisson structure of symplectic geometry on T ∗S3
is defined by next Poisson brackets
(14)

{F (q), G(q)} = 0;
{q, 〈µ, ξ〉} = ξq;
{〈µ, ξ〉, 〈µ,η〉} = 〈µ, [ξ,η]〉 = 2〈µ, ξ × η〉;
Remark 1. Poisson brackets (14) are revealed coordinateless form of
Poisson brackets (1) §8.
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Remark 2. So that get Hamiltonian field for variables q0, qi from
(15) iXqΩ = ηkδq
k
one can use the matrix of right action in the space of quaternions
(16) Rb =

b0 −b1 −b2 −b3
b1 b0 b3 −b2
b2 −b3 b0 b1
b3 b2 −b1 b0

Then we get
(17) η(0) =
−q1−q2
−q3
 , η(1) =
 q0q3
−q2
 , η(2) =
−q3q0
q1
 , η(3) =
 q2−q1
q0

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10 Hamiltonian equations of motion for a
rigid body in quaternion variables
10.1 Poisson structure of a rigid body dynamics in
quaternion variables in inertial frame of reference
As shown in [11] right trivialization of cotangent bundle of T ∗SO(3) and T ∗S3
for description of a rigid body dynamics has the following advantage: as far as
translational and rotational degrees of freedom are separated in inertial frame
of reference; then Poisson structure can be represented as direct product of
structures that are refer to these degrees of freedom of rigid body.
Therefore, adding Poisson structure of subsection 8.1 by Poisson brackets
for translational degrees of freedom we obtain
(1)

{xi, xk} = 0, {xi, qµ} = 0, {xi, µj} = 0;
{pi, qµ} = 0, {pi, µj} = 0;
{xi, pk} = δik, i, k = 0, 1, 2;
{qµ, qν} = 0, µ, ν = 0, 1, 2, 3;
{µi, q0} = qi;
{µi, qj} = εijkqk − q0δij;
{µi, µj} = 2εijlµl;
10.2 Poisson structure in quaternion variables in mixed
frame of reference
If we have Poisson brackets of previous subsection and system Hamiltonian
we can write Hamiltonian equations of motion.
But, as well known, expression of kinetic energy of a rigid body is much
more simpler in the body frame rather than in inertial frame of reference.
Therefore, it makes sense to conduct the canonical transformation of gen-
erators of our Poisson structure, namely intrinsic angular momentums of the
body πi =
1
2
µi so that they represented to the body frame.
(1)
{
Π = Q−1[pi];
P = p, X = x, Q = Q
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In quaternion variables 1-st line will be as follows
(2) M = q−1µq = Ad∗q[µ] = Q
−1[µ]
or
(2a) Mj = Qrjµr
That was revealed previously (see (8) in subsection 8.2)
(3) {µi, Qjk} = 2εijlQlk
Therefore
{µi,Mj} = {µi, Qrjµr} = Qrj{µi, µr}+ {µi, Qrj}µr
= 2εirtQrjµt + 2εirtQtjµr = 2εirtQrjµt + 2εitrQrjµt = 0
i.e.
(4) {µi,Mj} = 0
Consider also
{Mi, Qjk} = {Qriµr, Qjk} = Qri{µr, Qjk} = 2εrktQriQtj
Let’s use identity
(5) εrstQriQtjQsk = εikj
from it implies
(5a) εrstQriQtj = Qklεilj
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{Mi, Qjk} = 2εrktQriQtj = 2Qklεilj = −2εijlQkl
Hence
(6) {Mi, Qjk} = −2εijlQkl
Now consider
{Mi,Mj} = {Mi, Qrjµr} = {Mi, Qrj}µr +Qrj{Mi, µr}
= {Mi, Qrj}µr = −2εijlQrlµr = −2εijlMl
i.e.
(7) {Mi,Mj} = −2εijlMl
Let’s obtain Poisson brackets between moments and quaternion dynamic
variables
{Mi, q0} = {Qriµr, q0} = Qri{µr, q0}
= Qriqr =
(
(2q20 − 1)δri + 2qrqi − 2q0qlεlri
)
qr
= (2q20 − 1)qi + 2q
2qi = qi
i.e.
(8) {Mi, q0} = qi
Now consider
{Mi, qj} = {Qriµr, qj} = Qri{µr, qj}
=
(
(2q20 − 1)δri + 2qrqi − 2q0qlεlri
)
(εrjsqs − q0δrj)
=
(
(2q20 − 1)δri + 2qrqi − 2q0qlεlri
)
εrjsqs
−q0
(
(2q20 − 1)δri + 2qrqi − 2q0qlεlri
)
δrj
= (2q20 − 1)εijsqs − 2q0qlqsεlriεrjs
−q0(2q
2
0 − 1)δij − 2q0qjqi + 2q
2
0qlεlji
= (2q20 − 1)εijlql − 2q
2
0qlεijl
−q0(2q
2
0 − 1)δij − 2q0qjqi
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+2q0qlqs(δjlδis − δlsδij)
= −εijlql − q0(2q
2
0 − 1)δij − 2q0qjqi + 2q0qjqi − 2q0q
2δij
= −εijlql − q0(2q
2
0 − 1)δij − 2q0q
2δij
= −εijlql − q0(2q
2
0 + 2q
2 − 1)δij = −εijlql − q0δij
i.e.
(9) {Mi, qj} = −q0δij − εijlql
Hence finally have next proposition.
Proposition 8. The following Poisson structure in quaternion variables
for rigid body dynamics in mixed frame of reference is valid.
(10)

{qµ, qν} = 0, µ, ν = 0, 1, 2, 3;
{Mi, q0} = qi;
{Mi, qj} = −q0δij − εijlql;
{Mi,Mj} = −2εijlMl;
10.3 Motion equations of a rigid body in mixed frame
of reference
Let’s consider the Hamiltonian of rather general form for Hamiltonian dy-
namics of a rigid body in quaternion variables.
(1) H ((x,p), (q,M)) =
1
2m
p2 + Tspin ((x,p), (q,M)) + V (x, q)
where
(2) Tspin ((x,p), (q,M)) =
1
8
MI−1M =
1
8
(
M21
I1
+
M22
I2
+
M23
I3
)
In mixed frame of reference arithmetic vectors (x,p) (i.e. translational
degrees of freedom) are components of the corresponding physical vectors in
inertial frame of reference. And arithmetic vector M (rotational degree of
freedom) are components of the corresponding physical vector in body frame;
I — constant tensor of inertia in the body frame.
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Using base Poisson brackets in mixed frame of reference
(3)

{xi, xk} = 0, {xi, qµ} = 0, {xi,Mj} = 0;
{pi, qµ} = 0, {pi,Mj} = 0;
{xi, pk} = δik, i, k = 0, 1, 2;
{qµ, qν} = 0, µ, ν = 0, 1, 2, 3;
{Mi, q0} = qi;
{Mi, qj} = −q0δij − εijlql;
{Mi,Mj} = −2εijlMl;
for the Hamiltonian (1) we obtain the next Poisson brackets
x˙i = {xi, H} =
{
xi,
1
2m
p2
}
=
1
m
pi
p˙i = {pi, H} = {pi, V (x, q)} = −
∂V
∂xi
Stand for
(4) Ωi =
∂H
∂πi
= 2
∂H
∂Mi
=
1
2
(I−1)ikMk
(4a) Ω1 =
M1
2I1
, Ω2 =
M2
2I2
, Ω3 =
M3
2I3
q˙0 = {q0, H} =
∂H
∂Mi
{q0,Mi}
=
1
2
Ωi {q0,Mi} = −
1
2
Ωiqi = −
1
2
〈Ω, q〉
i.e.
(6) q˙0 = {q0, H} = −
1
2
〈Ω, q〉
in what follows
q˙i = {qi, H} =
∂H
∂Mk
{qi,Mk}
=
1
2
Ωk {qi,Mk} =
1
2
Ωk (q0δki + εkilql) =
1
2
q0Ωi +
1
2
εkilqlΩk
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=
1
2
q0Ωi −
1
2
εiklΩkql
i.e.
(5) q˙i = {qi, H} =
1
2
q0Ωi −
1
2
εiklΩkql
or
(6a) q˙ =
1
2
q0Ω−
1
2
Ω× q
in what follows
M˙i = {Mi, H} =
∂H
∂q0
{Mi, q0}+
∂H
∂qk
{Mi, qk}+
∂H
∂Mk
{Mi,Mk}
=
∂V
∂q0
qi +
∂V
∂qk
(−q0δik − εiklql) +
1
2
Ωk (−2εiklMl)
=
∂V
∂q0
qi − q0
∂V
∂qi
− εikl
∂V
∂qk
ql − εiklΩkMl
i.e.
(7) M˙i =
∂V
∂q0
qi − q0
∂V
∂qi
− εikl
∂V
∂qk
ql − εiklΩkMl
or
(7a) M˙ =
∂V
∂q0
q − q0∂qV − ∂qV × q −Ω×M
Now then
(8)

x˙ = 1
m
p;
p˙ = −∂xV ;
q˙0 = {q0, H} = −
1
2
〈Ω, q〉;
q˙ = 1
2
q0Ω−
1
2
Ω× q;
M˙ = −Ω×M+ ∂V
∂q0
q − q0∂qV − ∂qV × q;
Let’s lump together 4-th and 5-th line in (8).
(9) q˙ = −
1
2
〈Ω, q〉e0 +
1
2
q0Ω−
1
2
Ω× q =
1
2
qΩ
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(9a) q˙ =
1
2
qΩ
Consider the quaternion
(10) ∇(q)V = e0∂q0V + ∂qV
Then
q−1∇(q)V = q†∇(q)V = (q0e0 − q) (e0∂q0V + ∂qV )
= 〈q,∇(q)V 〉e0 + q0∂qV − ∂q0V q − q × ∂qV
i.e.
∂q0V q − q0∂qV + q × ∂qV = 〈q,∇
(q)V 〉e0 − q
−1∇(q)V
Therefore
(11) M˙ = −Ω×M−
(
q−1∇(q)V − 〈q,∇(q)V 〉
)
and
(12)

x˙ = 1
m
p;
p˙ = −∂xV ;
q˙ = 1
2
qΩ −→ q−1q˙ = 1
2
Ω;
M˙ = −Ω×M−
(
q−1∇(q)V − 〈q,∇(q)V 〉
)
;
Proposition 9. The motion equations of a rigid body dynamics for
Hamiltonian (1) in quaternion variables has the following algebraic form
(12a)

x˙ = 1
m
p;
p˙ = −∂xV ;
q˙ = 1
2
qΩ −→ q−1q˙ = 1
2
Ω;
M˙ = −Ω×M− ℑ
(
q−1∇(q)V
)
;
where ℑ(a) — imaginary component of a quaternion a.
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